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Motivations

At present the gauge HS theories are basically classical �eld
theories de�ned by nonlinear (and non-Lagrangian) equations
motion.

The absence of a closed Lagrangian formulation constraints our
understanding of quantum properties of HS �elds.

This gives impetus to a search for alternative quantization
methods that are not so tightly related to the Lagrangin form
of dynamics.

Covariant Phase Space and Presymplectic Structure

C. Crnkovi�c & E. Witten, 1987

G. J. Zuckerman, 1987
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Presymplectic mechanics

A presymplectic form is a closed 2-form Ω on a smooth manifold M .

A vector �eld X (a function f) is called Hamiltonian if

iXΩ = df .

f is called the Hamiltonian of X = Xf .

If Ω is degenerate, the correspondence f ↔ Xf is far from being 1-1:

Xf → Xf + ker Ω .

The algebra of Hamiltonian functions is endowed with the Poisson bracket

{f, g} = iXf iXgΩ .

The time evolution of a Hamiltonian function f is de�ned by the equation

ḟ = {f, h} ,

where h is the Hamiltonian of the system.
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Covariant phase space

In the covariant approach to the Hamiltonian mechanics the phase space
of �elds is identi�ed with the solution space rather than the space of
Cauchy data to the �eld equations.

S[φ] =

∫
V
L(φi, φiµ)dnx , φiµ = ∂µφ

i

δS =

∫
V

(
∂L
∂φi
− ∂µ

∂L
∂φiµ

)
δφi ∧ dnx+

∫
∂V

∂L
∂φiµ

δφi ∧ dn−1xµ

d2 = δ2 = 0 , dδ = −δd , ∂µδ = δ∂µ

The boundary term gives the variational 1-form

Θ[φ, δφ] =

∫
Σ

∂L
∂φiµ

δφi ∧ dn−1xµ ,

Σ being a Cauchy surface.
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Covariant phase space

Let M denote the solution space, then the functional 2-form

Ω = δΘ =

∫
Σ

(
∂2L

∂φj∂φiµ
δφj ∧ δφi +

∂2L
∂φjν∂φiµ

δφjν ∧ δφi
)
∧ dn−1xµ

endows M with the presymplectic structure Ω|M .
Θ is called a presymplectic potential.

The presymplectic form Ω is on-shell independent of the choice of the
Cauchy surface:

ΩΣ ≈ ΩΣ′

The sign ≈ means equality on shell.

The presymplctic form Ω on M is degenerate i� the Lagrangian L is
gauge invariant.
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Generalization

Equations of motion for �elds φi on an n-dimensional manifold N :

Ea(φ, ∂φ, . . . , ∂
nφ) = 0

Let Φ denote the space of all �eld con�gurations. Consider a �hybrid�
di�erential form on Φ×N of type (2, n− 1):

Ω =

K,L∑
k,l=0

Ω
ν(k),λ(l)
ijµ1···µn−1

δφiν(k) ∧ δφ
j
λ(l) ∧ dx

µ1 ∧ · · · ∧ dxµn−1 ,

Ω de�nes a presymplectic current for the equations Ea = 0, if

δΩ = 0 , dΩ ≈ 0 .

The presymplectic form is given by Ω =
∫

ΣΩ.

[T.J. Bridges, P.E. Hydon, J.K. Lawson, Math. Proc. Camb. Phil. Soc., 2010]
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Symmetries, charges and weak Lagrangians

Let δφi = V i(φ) be a global symmetry of equations of motion and the
presymplectic structure, i.e.,

LVEa ≈ 0 , LV Ω ≈ 0 .

Then

iV Ω = δJ , Q =

∫
Σ
J .

Q is a conserved charge and J is a conserved current, dJ ≈ 0.
����������������������-

Since δ is acyclic,

Ω = δΘ ⇒ δdΘ ≈ 0 ⇒ dΘ ≈ δL .

The n-form L is called weak Lagrangian for the equations of motion:

δL
δφi

= Uai Ea .

[I. Khavkine, J. Math. Phys., 2013] [M. Grigoriev, arXiv:1606.07532]
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Free HS �elds in AdS4

The Weyl algebra W :

f =
∑
m,n

1

m!n!
fα(m)α̇(n)(y

α)m(ȳα̇)n , fα(m)α̇(n) ∈ C , α, α̇ = 1, 2.

f ∗ g = exp

(
iεαβ

∂

∂yα
∂

∂zβ
+ iεα̇β̇

∂

∂ȳα̇
∂

∂z̄β̇

)
f(y, ȳ)g(z, z̄)|z=y .

(f ∗ g) ∗ h = f ∗ (g ∗ h) , 1 ∗ f = f = f ∗ 1 , ∀f, g, h ∈W .

It is known that so(3, 2) ∼ sp(4) and sp(4) ⊂ Lie(W ):

Mαβ = − i
2
yαyβ , M̄α̇β̇ = − i

2
ȳα̇ȳβ̇ , Pαα̇ = − i

2
yαȳα̇
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Free HS �elds in AdS4

Let Λ denote the exterior algebra of di�erential forms on AdS4.

Λ⊗W 3 F (y, ȳ|x, dx) =
∑
m,n

1

m!n!
Fα(m)α̇(n)(x, dx)(yα)m(ȳα̇)n

The Lie superalgebra Lie(W ):

[F,G]? = F ? G− (−1)|F ||G|G ? F

The supertrace and invariant inner product:

Str(F ) = F (0, 0|x, dx) , 〈F |G〉 = Str(F ? G)

Str([F,G]?) = 0 , 〈[H,F ]?|G〉+ (−1)|H||F |〈F |[H,G]?〉 = 0

�����������������������-

{F,G}? = F ? G+ (−1)|F ||G|G ? F
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Vasiliev's equations for free HS �elds

Weyl �eld: C(y, ȳ|x) ∈ Λ0 ⊗W

Gauge �eld: ω(y, ȳ|x, dx) ∈ Λ1 ⊗W

The free HS �eld equations in unfolded representation:

Dω + [h, ω]? = Ĥ+C− + Ĥ−C+ , DC + {h,C}? = 0 .

Here

D = d+ [w, · ] , w =
1

2
wαβMαβ +

1

2
w̄α̇β̇M̄α̇β̇ , h = hαα̇Pαα̇ ,

C+ = C(y, 0|x) , C− = C(0, ȳ|x) ,

Ĥ+ = hγα̇ ∧ hγβ̇∂α̇∂β̇ , Ĥ− = hαγ̇ ∧ hβγ̇∂α∂β .

h, w are the AdS vierbein and Lorentz connection.
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HS presymplectic currents

Expansion in homogeneous polynomials in y and ȳ:

ω =
∑
m,n

ωmn , C =
∑
m,n

Cmn ,

The complex presymplectic currents

Ωmn =


〈δωmn|ĥ+δωm−1,n+1〉, for m > 0;

−〈δω0,n|Ĥ+δC0,n+2〉, for m = 0.

ĥ+ = hαα̇yα∂α̇ , Ĥ+ = hγα̇ ∧ hγβ̇∂α̇∂β̇ .

δΩnm = 0 , dΩnm ≈ 0 .
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HS presymplectic currents

The most of the currents Ωmn are on-shell equivalent to each other
modulo d-exact currents:

Ωmn ' Ωm−1,n+1 ∀m > 0 .

Furthermore,

Ωmn + Ω̄nm ≈ dΨmn , Ψmn = −1

2
〈δωmn|δωmn〉 .

Thus, there is essentially one presymplectic structure for each spin:

Ωs = ImΩs−1,s−1 , s = 1, 2, 3, . . .

Ωs = ImΩs−1/2,s−3/2 , s = 3/2, 5/2, . . .
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Low spins

Spin 1:

Ω1 = − 1

2i
〈δω0,0|Ĥ+δC0,2 − Ĥ−δC2,0〉

Spin 2:

Ω2 =
1

2i
〈δω1,1|ĥ+δω0,2 − ĥ−δω2,0〉

����������������������������

Spin 0 and 1/2:

Ω0 = 〈δC0,0|Ĥ0δC1,1〉 , Ω1/2 = 〈δC1,0|Ĥ+δC0,1〉 ,

Ĥ0 = hαβ̇ ∧ hββ̇ ∧ h
βα̇∂α∂α̇ , Ĥ+ = yαh

αβ̇ ∧ hββ̇ ∧ h
βα̇∂α̇
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Summary

The unfolded representation of free HS �elds admits a
natural presymplectic structure.

This presymplectic structure o�ers a far more �exible
approach to the study and quantization of HS theories
than the conventional Lagrangian formalism.

In particular, it allows one to relate global symmetries
with conservation laws and to de�ne weak Lagrangians.
The latter can be used for establishing the AdS/CFT
correspondence.
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Appendix A

Global AdS symmetry transformations:

δξω = [ξ, ω]? + 2Ĥξ

+C− + 2Ĥξ

−C+ , δξC = [ξ′′, C]? + {ξ′, C}? ,

ξ = ξ′ + ξ′′ ,

ξ′ = − i
2
ξαα̇yαȳα̇ ∈ F0

1,1 , ξ′′ = − i
4
ξαβyαyβ −

i

4
ξα̇β̇ ȳα̇ȳβ̇ ∈ F

0
2,0⊕F0

0,2

Ĥξ

− = ξα
α̇hαβ̇∂α̇∂β̇ , Ĥξ

+ = ξαα̇h
βα̇∂α∂β .

Dξ = Dξ + [h, ξ] = 0 .

The conserved currents:

Js = −Im〈ωmn|ξ̂′′ĥ+ωm−1,n+1 + ĥ+ξ̂
′
−ωmn〉

−Im〈ωm+1,n+1|ξ̂′+ĥ+ωm−1,n+1〉

m = n = s− 1 or m = s− 1/2, n = s− 3/2.
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Appendix B

Lmn =
1

2
〈ĥ+ωm−1,n+1|ĥ+ωm−1,n+1〉+

1

2
〈ĥ−ωmn|ĥ−ωmn〉

−〈Eωm−1,n+1|ĥ−ωmn〉 , m > 0 ,

L0,n = 〈ω0,n|Ĥ+E
C
0,n+2〉 −

1

2
〈Ĥ+C0,n+2|Ĥ+C0,n+2〉 .

The weak Lagrangian:
Lmn = ImLmn ,

S =

∫
AdS4

L , L =

∞∑
n,m=0

λnmLnm , λnm ∈ R .

Lnm ' Λs = −1

2
Im〈Ĥ+C0,2s|Ĥ+C0,2s〉 , n+m = 2s− 2 .
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