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e At present the gauge HS theories are basically classical field
theories defined by nonlinear (and non-Lagrangian) equations
motion.

e The absence of a closed Lagrangian formulation constraints our
understanding of quantum properties of HS fields.

e This gives impetus to a search for alternative quantization
methods that are not so tightly related to the Lagrangin form
of dynamics.

Covariant Phase Space and Presymplectic Structure
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Plan:

@ Presymplectic geometry and mechanics
© Covariant presymplectic structure in field theory
@ Symmetries, conservation laws and weak Lagrangians

@ Free HS fields in the unfolded representation

@ Covariant presymplectic structure for free HS fields
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Presymplectic mechanics

A presymplectic form is a closed 2-form 2 on a smooth manifold M.

A vector field X (a function f) is called Hamiltonian if
ixQ=df .

f is called the Hamiltonian of X = X;.

If 2 is degenerate, the correspondence f <+ Xy is far from being 1-1:

Xy — XjtkerQ.
The algebra of Hamiltonian functions is endowed with the Poisson bracket
{fi9} =ix,ix,Q.

The time evolution of a Hamiltonian function f is defined by the equation

f={fn},

where h is the Hamiltonian of the system.
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Covariant phase space

In the covariant approach to the Hamiltonian mechanics the phase space

of fields is identified with the solution space rather than the space of
Cauchy data to the field equations.

= /V L(¢, o )d"x, ¢l = 0.’

o % m % n—1
08 = /(&bl “8¢Z>5¢/\dw avaqbléqﬁ Nd"xy,

@Z=6=0, ds = —éd, 06 = 60,

The boundary term gives the variational 1-form

oL
s 091,

O[¢,d¢] = 6" Nd"

3 being a Cauchy surface.
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Covariant phase space

Let M denote the solution space, then the functional 2-form

o*L , o02L : .
Q=60= / ¢ NP+ ————5¢) NS | Nd"
(oot e+ 57 seb i) s,

endows M with the presymplectic structure |;.
O is called a presymplectic potential.

The presymplectic form €2 is on-shell independent of the choice of the
Cauchy surface:
QZ ~ QE’

The sign ~ means equality on shell.

The presymplctic form Q on M is degenerate iff the Lagrangian £ is
gauge invariant.
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Generalization

Equations of motion for fields ¢’ on an n-dimensional manifold N:

Ea($,00,...,0"9) = 0
Let @ denote the space of all field configurations. Consider a “hybrid”
differential form on ® x N of type (2,n — 1):

l) 7 j e
2= Z 1]#1 M — 15¢ /\ 5¢f\(l) ANdxPt A - Adatrt ,
k,1=0

{2 defines a presymplectic current for the equations F, = 0, if
002 =0, df? =~0.

The presymplectic form is given by Q = [, 2
[T.J. Bridges, P.E. Hydon, J.K. Lawson, Math. Proc. Camb. Phil. Soc., 2010]
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Symmetries, charges and weak Lagrangians

Let 0¢° = V(¢) be a global symmetry of equations of motion and the
presymplectic structure, i.e.,

Lan%O, Lvﬁ%O.
Then
ivQ =4J, Q:/J.
Y

Q@ is a conserved charge and J is a conserved current, dJ = 0.

Since 4 is acyclic,
=060 = HdO=0 = dO=JIL.

The n-form L is called weak Lagrangian for the equations of motion:

oL o
[I. Khavkine, J. Math. Phys., 2013] [M. Grigoriev, arXiv:1606.07532]
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Free HS fields in AdS,

The Weyl algebra W:
1 a\m ([ -a\n o
[= Z Wfoz(m)a(n)(y ) (y ) ’ fa(m Ya(n) € C, a,a=1,2

0

0 ; 0 0
— e~ T e T 2) | sy -
fxg=exp <Z€ By 928 +i Iy 8z5> F(y,9)9(2,2)| 2=y

(frg)xh=fx(gxh), 1xf=f=fx1, VfgheW.
It is known that so(3,2) ~ sp(4) and sp(4) C Lie(W):

i - |
Mag = —g¥ays,  Mys=—5Uals,  Faa=—3¥ala
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Free HS fields in AdS,

Let A denote the exterior algebra of differential forms on AdSy.

1 .
AW > F(y,gle,dz) =) i Fatmyam) (z,dz)(y™)™ (g*)"

m,n

The Lie superalgebra Lie(W):
[F,Gly = FxG— (-)IFIClg « F
The supertrace and invariant inner product:
Str(F) = F(0,0|z, dx) , (F|G) = Str(F Q)

Str([F’ G]*) =0, <[H7 F]*|G> + (_1)|HHF|<F|[H7 G]*) =0

{F,.G}, = F+G+ (-)Fl¢lg« F
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Vasiliev’s equations for free HS fields

Weyl field: C(y,jlz) € A° @ W
Gauge field: w(y,y|z,dr) e Al W

The free HS field equations in unfolded representation:

Dw+[hwl,=HC_+HC,, DC+{hC}, =0.

1 1 s .
D=d+[w, -], w= 5waﬁMaB + §maﬁMd5, h=h"P.,

Cy =C(y,0]z), C_=C(0,y|z),
Ay =0 AhP050;,  Ho=h™' AhP50,05.

h, w are the AdS vierbein and Lorentz connection.
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HS presymplectic currents

Expansion in homogeneous polynomials in y and ¥:

w:Zwmn, CIZCmm

m,n m,n

<5wmn|ﬁ+6wmfl,n+1>a for m > 0;

—(0wo,n|H8Ch nya), form =0.

hi=h%yad;,  He =0 A0 050,

082m =0, d$2pm =~ 0.
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HS presymplectic currents

The most of the currents (2,,, are on-shell equivalent to each other
modulo d-exact currents:

Pmn ~ 141 Ym > 0.
Furthermore,
Qpn + o 2 AWy, Uy = —%<6wmn|5wmn> .
Thus, there is essentially one presymplectic structure for each spin:

»Qs:Isz—l,s—ly 821,2,3,...

Qs =Im 2 155 32, s= 3/2,5/2,...
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Low spins

Spin 1:
= —%wwo,o\mécw — H_6C5)
Spin 2:
2y = %<5w1,1|ﬁ+5w0,2 — h—dwa,p)

Spin 0 and 1/2:

20 = (6Co,0|HodC1,1) 213 = (5C1,0/H10Co1),

Ho=h*" ANhgg NDP%000s,  Ha = yah®™ Ahgs NP0,
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o The unfolded representation of free HS fields admits a
natural presymplectic structure.

o This presymplectic structure offers a far more flexible
approach to the study and quantization of HS theories
than the conventional Lagrangian formalism.

o In particular, it allows one to relate global symmetries
with conservation laws and to define weak Lagrangians.
The latter can be used for establishing the AdS/CFT

COTI’eSpOHdGHCG.
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Global AdS symmetry transformations:
dew = [6, Wl +2HC_ +2HECy,  6:C = [¢",Clu +{¢,C},

E=¢+¢",
i ) T oah.
€ =58 ala € Fluy &= —16ays = 160y € FRo® Ty
A = &50%90,05,  HY = €24h"0,05.
D¢ = DE + [h, & =0.
The conserved currents:
Js = _Im<wmn‘£”ﬁ+wm—l,n+l + iL+émen>

_Im<wm+1,n+1 ‘éﬁrh—kwm—l,n—i—l)

m=n=s—lorm=s—1/2,n=s-—3/2.
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1

. . 1. .
Loy = §<h+wmfl,n+1’h+wmfl,n+l> + §<h*wmn|h*wmn>

_< ;Jl—l,n—f—l’il/*wmn> ) m > 0,

R 1. R
Loy = (wonl H1 E§,0) — §<H+00,n+2|H+CO,n+2> -

The weak Lagrangian:
Ly = Im Ly, ,

s=[ c, £= i MumLoms  Aum € R.

AdSy n,m=0

1 N ~
Lom =~ Ag = —51m<H+Co,28|H+C'0723> , n+m=2s—2.
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