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Motivation Q
detector

The Little Bang

> Nucl.Phys. A850 (2011) 69-104; Explanation of the fast izotropisation in 1
HIC for the scalar field. CSA for the smal coupling constant only.

> CSA physically natural: HIC, early Universe, cold Bose gases, chemical }
physics... Ell

> What can be done beyond the CSA??
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Keldysh technique

The main problem under consideration is to build up the description of the field
relaxation from the highly excited initial state:

» The initial state of the system is not the vacuum.
» Nonequilibrium evolution from t, to t;.
» We need specify the initial state.

Keldysh approach

- Describe the time evolution of the density matrix
A(t) = Z,Pi |9 (£)) (i (D)

p(t) = U(t, to)p(to)UT (t, to)
- An observable is given by
(A(t)) = tr(Ap) =
= tr(UT (¢, to) A U(t, to) p(to))
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Keldysh technique: general

Suppose we know the density matrix p(t) at the initial time ty and want to calculate the observable F(y) at

the moment t;
(F(@))t, = tr(F(2)p /©£(X €)(€1U(t1, t0)A(to) U(to, t1)|€)

= / o¢ / o6 / Des FE)EIO(E, to)[61)(E115(t0) [€2) (€] U0, £1)]E).

Here |&) is an eigenstate of the field operator $(X)|&) = £(X)|€) and [DE(R) is a path integral over all
possible 3-d functions originating from unity operator 1 = [ DE(R) |€) (€]

The matrix elements of the evolution operator are the path integrals over 4-d functions Dn(, X)
nE(t1,%)=¢§(X)

(€101, to)l€1) = / D (t, R)eSIF],
nE(tg,X)=€1 (X)

ng(t1,%)=£(X)
(€210(t0, £1)1€) = [ Dot el
ng(tg,¥)=€2 (X)




Keldysh technique: general

The exptectation value of observable F() through the path integral

(F(2))t /95/951/952 (€1]p(to)|€2)

ne(t1,8)=£(X) ng(t1,%)=£(X)
x F(©) Dret® [ Dug(tR) St
ne(to,®)=¢1(X) ng (to,X)=£2(X)

The Keldysh action is defined as Sk [nr,ng] = S[ne] — Sing]
-Time flow from to to t1 and backward.
~The fields ng and ng live on Keldysh contour:

g, Ng(t)
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Keldysh technique: general

Let us change the variables to

nF + 1B

Gl

) ¢q:TIF—7IB-

Here ¢ is so-called ’classical component and ¢q is ’quantum” component.
After some simple algebra we, finally, have

FeNe = [x [06 [ 26 @lotole)
e (00,8)=x1(¥) ¢q(c0,X)=0
X / Do / Déq F(¢e(tr)) ¢Sk e84
de(to,R) =102 bq(t0,R)=€1 (%) —€2(%)




Keldysh technique: *

We use ¢* theory for simplicity

1 2
L= S0upde — %cp“ +Jo

The Keldysh action
Sklde, bq] = / A3 e (t0, ) (€1(R) — £2(R))

/dt/d3 $a (00" b + g2 0% — )—%zaws] ‘

equation of motion

What to do next?




Keldysh technique: *

We use ¢* theory for simplicity

1 2
L= S0upde — %cp“ +Jo

The Keldysh action
~Sklde, bq] = /de deto, R) (1 (R) — £2(%)
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equation of motion

What to do next?
- remember about Plank constant




Keldysh technique: *

We use ¢* theory for simplicity

1 2
L= S0upde — %cp“ +Jo

The Keldysh action
ol m—/aﬁxq& (to, H)(&1(R) — £2(9))
n KlPc> Pql = c\l0, 1 2

/dt/d3 Gq(0u0" e + 9763 — J)—rﬂg—qs %3]
N— —o

equation of motion

What to do next?
- remember about Plank constant
- substitute ¢q — heg




Keldysh technique: *

We use ¢* theory for simplicity

1 2
L= S0upde — %cp“ +Jo

The Keldysh action
ol m—/aﬁxq& (to, H)(&1(R) — £2(9))
n KlPc> Pql = c\l0, 1 2

/dt/d3 $q (80" b + g2% —J) — 122 ¢c¢3]

equation of motion

What to do next?
- remember about Plank constant
- substitute ¢q — heg

- use semiclassical decomposition




Leading Order

Semiclassical decomposition

At Leading Order we have

X

e

be(00,X)=x1 (%)

$e(to.K)=

51()7)4552()?)

2,2 oo
—i7= [t [ dPx hed
to =

~—~
Lo

NLO

F@Ny, = [oxa [2e1 [ 062 alotto)léa)

¢q(00,8)=0
Dppel S 425 be(to R) (€1 (R) —E2(R))

¢q(tg,X)=61 (X)—&2 (%)

ol dtd3x oq(0,0H pet+g® o3 —J)

[a2h2 e
. @T/dt/(ﬁx e+ ...
to

Doq F(de(tr))




Leading Order

Semiclassical decomposition

2 oo
- tf dt [ d3x dedy
0

= 1 ng Oodt d3 3
e == x¢c¢q+.‘.
Lo to

NLO

At Leading Order we have
F@Ny, = [oxa [2e1 [ 062 alotto)léa)

e (o0, R)=x1 (%) bq(00,)=0
e 13 a = = ¥
% ’Dqﬁce'fd X dc(tn,X) (€1 (%) —€2(X)) Deg F(de(t1))
¢£(t0,)?):51(’?);52(2) ¢q(tg,X)=61 (X)—&2 (%)

ol dtd3x oq(0,0H pet+g® o3 —J)

- perform integration over field ¢4 to receive functional delta function from equation of motion




Leading Order

Semiclassical decomposition

2 oo
- tf dt [ d3x dedy
0

= 1 Ig2 Oodt d3 3
e _\/_T/ / x¢c¢q+...
Lo o

NLO

At Leading Order we have
F@Ny, = [oxa [2e1 [ 062 (& lotto)léa)

bc(00,8)=x1(X) )
X / D¢ce"fd3x e (tg,®) (€1 (X)—E2(X)) F(é¢(t1)) 5[3,4,3“% +g2¢£3 _J]
¢c<to,:):51(;);“52(;)

- perform integration over field ¢4 to receive functional delta function from equation of motion

- insert “initial velocity” unity 1 = [ Dp(R)s(p(X) — de(to, X))




Leading Order

Semiclassical decomposition

2 oo
- tf dt [ d3x dedy
0

= 1 Ig2 Oodt d3 3
e _\/_T/ / x¢c¢q+...
Lo to

NLO

At Leading Order we have
F@Ny, = [oxa [2e1 [ 062 (& lotto)léa)

bc(00,8)=x1(X) o
x / Do e’fd x p(®) (€1 (%) —€2(%) F(¢e(t1)) 5[3Ha#¢c +g2¢? _J]
¢c(to,i):£1(i);£2(i)

x/zap(z)s(;a(f) — de(to, R)

- perform integration over field ¢4 to receive functional delta function from equation of motion
- insert “initial velocity” unity 1 = [ Dp(R)5(p(X) — de(to, X))

- perfrom integration over ¢, with help of EoM and boundary conditions




Leading Order

Semiclassical decomposition

2 oo
- tf dt [ d3x dedy
0

= 1 ig2 Oodt dS 3
e _\/—T/ / x¢c¢q+.‘.
Lo to

NLO

At Leading Order we have

F@Ny = [oxa [261 [ D2 lottollea) [Dp®) o/ X POELO=E0) Fgy2y))

- perform integration over field ¢4 to receive functional delta function from equation of motion
- insert “initial velocity” unity 1 = [ Dp(R)8(B(R) — de(to, X))

- perfrom integration over ¢, with help of EoM and boundary conditions

- change variables to o = %, B=¢61— &2




Leading Order

Semiclassical decomposition

2 oo
- tf dt [ d3x dedy
0

= 1 ig2 oodt d3 3
e == x¢c¢q+.‘.
Lo to

NLO

At Leading Order we have
(F(@)t, = /QQ(Q)QP(Y)FW[Q(XLP(?)),fO]F(%{(tl))
Fula®@), PR, o) = [ DB (@ + 2ot — 2)el 4% PRBE

00" b + 9767 = 0
@el(to, X) = a(X)
bi(t0, %) = p(R)

- perform integration over field ¢4 to receive functional delta function from equation of motion
- insert "initial velocity” unity 1 = [ Dp(X)5(p(X) — de(to, X))

- perfrom integration over ¢, with help of EoM and boundary conditions

- change variables to o = %, B=¢&1— &2




Classical Statistical Approximation

Leading order recipe is

- find solution of the classical EoM

- calculate observable on this solution

- average over all initial conditions with weight of the Wigner functional

(F@))e / Da(R)DPR)fwla(®), p(R))., tol F(dy(tr))
Fula(®, PR, to] = [ DBR)(a+ 3 lpttola - S)el 4% POSE

0u0" by + 976 =0
¢el(to, %) = a(X)
Pei(to, ¥) = p(¥)

- We do not need the small coupling constant for CSA.
- When the CSA does not work?
- We need NLO answers !
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Notation

We introduce notation for averaging over initial condition with the Wigner func-
tional as

Ohie. = [ Da@DPRFula(R),p(R)) ta] O
So, the LO answer can be written simply as

(F(@))e2 = { F(¢e(t1)) Dic.




Next-to-Leading Order

2 oo
_;%tf dt [ d®x ¢cdy ig °°d 5 s
0 = = =
e L~ [t [ dox seg+

NLO

Due to ¢qJ term in the action we can rewrite each ¢4 field as functional derivative

[
S, %)

giSklbc,dq] — —l'¢q(tl,)_<'/)6is‘<[¢"¢4]

And NLO answer can be obtained as

NLO / 8] / —‘/ 53F d)c{(tl!)?)
F@)) </dt /d Koyt ¥) s

J= 0>i.c.

t1
A\\LO+NLO _ fL 3 '3 S F(Bei(t1, %))
(F@N <F<¢c,<tl, L / A (¥, R) s

And LO + NLO solution is

J0>i.c.

F—— - . L B L ecne— ———
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Next-to-Leading Order

Let us define k-th variation of the classical solution over source J as

k -

0 y(t1,%1) = -
T p——— =2 (tlax1§t2:x2)<
3K(ty, R2)
Then

53F (¢, (t1, R OF 82F 83F
(Pg1(t1,%1)) P PR 3.

§J3 (t2, X2) Oy 3¢f, 3452
Variations ®| (t1,%1;t2,X2) can be found by variation of the classical EoM

53 ‘
— (0,0" ¢y (t1, %) + g2 b5 (t1, K1) = J(t1, %))
505 (t, %2) ( 0" (1, X1) + g dy(t1, %1) (t1 1))

that gives
Ly, @1 (t1, %15 b2, %2) = 8(t1 — t2)6®) (#%1 — %2)
L, @2 (t1, %152, %) = —69% G (t1, %1) DT (t1, %15 ta, B2)
L, ®3(t1, %152, %) = —64% @3 (t1, %1 i ta, Ko) — 189° ¢y (t1, K1) ®1 (1, Ry ta, Ro) o (t1, K13 ta, K2)

2 2 9.9
Le, = 8, — 8, +39 ¢ (t1,%1)




Quantum correction s to the CSA: recipe

J=o>i.c.

83F (e (t1, %))

27
(F(ENE2TNC = <F<¢c,<tl,%>> + 5 [ [ X sa W) e
to ’

53F(¢,(t1,%1))  OF 3F

F 3
> = P34+ 30— B, Do + 33,
o 0B (ta, %) | Bpy 082 - 8¢l !
Variations ¢ ¢
Le, ®1(t1, R1sta, Ba) = 6(t1 — )60 (& — Rp)
Le, @2(ty, X152, %) = —69% ¢ (t1, R1) DT (t1, %13 ta, X2)
L, P3(t1, %15t2,%2) = —697 33 (t1,R1;ta, %o) — 189° dy(t1, K1) @1 (t1, %1; ta, Ra)®a(t1, K1 ta, K2) |

Le, = 95, — 93, + 397 5(t1, %1) i

Averaging over the initial conditions
B B, irdd %
Fulo @), p(®, to] = [ DB + Zlatto)la — el FxPOF®
0.0 ¢ + g 05 =0
$ei(to, X) = (%)
bei(to, %) = p(R)




Toy model: Spatially homogeneous static box

Spatially homogeneous case d;p(t, x) = 0 LO and NLO terms can be found analytically. (almost)

2

s:v/dt<%¢2—%¢4+w>, V:/d?’x

$+g70° = J.
And its solution for J=0 is periodic Jacobi elliptic function with period T,:

The equation of motion is

1
Sel(t) = bmen (g,gdw + c) ,

4
Ty= —K(1/2), K(1/2) ~ 1.85.
4= om (1/2) (1/2)

o A=10, g=2, p0=1, a0=1 CSA at work (V\MW\@V{CQ{)

(@50 = (®altn)),
= /da/dp (e, p)og(tr),

5 1 ,w ,ﬁ

fv(a,p) = e % e 7.
TQOPo

4




T2 full

1 2
T = 9Hpd¥p — g <28w@% = g4s04>

1
€:TOO:§¢2+ig04

For hydrodynamic to start we need equation of state (Tj,) =e—3p =0

On classical level
TH=c—3p=—p+g°p"

One can calculate this observable on the full solution as

e (00)=0 g (c0)=0
Mo, = [delnme [ Do [ DpgeSkleerl (= g2t g20t).
pe(to)=1152 #q(to)=¢€1—E&2 i




T2 full

Consider variation of the Keldysh action over the field ¢4

55

3
— V(3 2,30 SRl
bpg im0~ Ve(Pet e + 10 very)

We can use @3 term as
; oS . 3 i
(e, = /df €1, po, &2] /D%Dsoq(— AR Zggsofwﬁ)@'sd“""”]v
q

The red terms are zero
- Evaluate it by parts and neglect the surface term

1 8Sk i i S i
/’DWCDQDq . K oiSklec,pql _ /DWcDAPq > G Sklecpql ) — o
Vs qu Vs 5<pq

- Rotate the fields back

g (t) = ne(t) — np(t),

/DWFDUB np(t1)e kM8l — /'DWFDWB ng(t1)ek1F 8],




T2 full

Two remaining terms can be expressed through the total time derivative as

1 g
(Mhey =3 / d¢ 61, 00,62 / DypeDipq e5190:24] 07 £ (t1).

Physically, the field in the static box will relaxate to some constant with time.
It means, that the trace (Ti)¢, soo = 0 for the full theory (at all orders in
semiclassical decomposition)

However, we can check directly it for LO and NLO as
(T)EOHNLO 1 / dodp fuu(a, p,to) 03 (¢3(t1)+
2 2¢4 /dZ2F0 (22) (Fo(21)f3(21,22) +3F1(Z1,Z2)f2(21722)))

= [ dadp futa,p,to) 02, (R (gomts)+

1
SVAgig V0@9mt1) + gombr(gomtr)ts + 8 e (gomti)t] + 67 uvalgomtn)tl] ).
S— & - . - oo ———m— [ — _”"““'4. —

4
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T LO

2p2 2 2.2

t — 1 _ 47%pg _dagn®g® o ATA

M = |- +8Z(2e ?AlT2 5 T2 tlcos <Lgt1) .
€Lo 3 T

PrLo/€Lo

il

1/3

analytical for q=6

numerical




T NLO
Fourier decomposition of the NLO periodic functions
wn(t'i‘-rc{) :wn(t)v n=20,1,2,3,

= ikt 2
Yat) = 3 e .

k=—00

The integration over initial conditions with “’good > Wigner function gives

= ikt2m ad :
/dadp Fw(a,p) Z w;{k)gkt-rd — Z w&k)Aeka%Qelet

k=—o0 k=—oo

The only dangerous term for the trace is k =0

(TH)LOHNEO o 4 t* const

F(z1) = vo(z1) + ¥1(21)21 + ¥2(21)23 + ¥3(z1)Z3.

S - . onee RS & L e ——
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T: NLO
The Vandermonde matrix
F(z) 1S e e Po(2)
Fz+T | _ |1 z4+4T =+T)?2 (z4717)3 ¥1(2)
Fz+2T)| |1 z+2T (z+2T?2 (z+27)2| | v2(2)
F(z+3T) 1 z+3T (=z+372 (z+37)3/) \¥s3(2)
P2 (t)NO Un(t)

— phi"2 NLO




Longitudinally expanding box

2?2
1{ t+z

n=rcin
D =z

In ’homogeneous” case 8, =0 and 8, ¢ =0
2

1 9" a

S=Vy [ d =@? =L J

2/rr(2w o+ Je)
V2=/d2XLd77

Equation of motion can not be calculated analytically

1
B2+ 8,0+ g0 =J
T
Change of variables lead to almost periodical solution
2
y=r138,
_1 2
p(r) =7 3&(73),
EW) + 560 + 29°6W)° =0
‘ D+ @@+ 19w =0,

3
£(Y) = Emen(gémy +C), g = 59
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Static vs expanding box

Ti, at LO for static and expanding cases

Static vs. Expanding system Energy loss due to expansion
100 A=10, g=2
R 3p/e at gLO, A=10, g=1
2 “‘ 107
s
O 11k £
i "' Hlo’ T
,3 4
AMAA A ;
N ITARAWAWATA :
sV -
sV -
L)Y i§
-3 ! - 1 2 4 5 6 7
- termalization time larger in - there is only 1% energy density
expanding system with identical remains, however the system does
inrtial conditions not termalized (e # 3p)




T4 full expanding

(T = =5 [ 46 (en.p0,6a] [ DpeDiog €57 teew0) (02 4 01, )ek(m)

The system is expanding:
> Asymptotically T}, but when e =0 and p = o due to expansion
> We are looking for intermediate quasi stationary state with definite EoS

> We need to take into account expansion, hence Th /1o, where e p ~ 7—4/3

4 )2} 2
T 1 7 e 3
(TM>&10+NLO B /dadp fw(a, p, to) (831 I T—lan)m <>
)72

€Lo

2
3

X [¥0(@Em? )+ Gemb1 (GEm )T + F2En2(GEm )T + G i t3 (G

2 2 2
3 3

ool

S - . onee RS & L e ——




T4 full expanding

1
amﬁ?“’” = (k1(g, &m)t ™" + ka(9°, &)’ + k1 (g, Em)t™, M <2);,

The form of the Wigner function controls the value of the NLO correction.

1 -l e?
fw(e, p) = e F0Lem
T Po

The parameter A mimic the measure of the field excitation. Then larger A, then
better CSA works.

1 9 12¢(4)3 —
§9) + rt@+39¢)" =0
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Numerical results

A =10, g =2. CSA works excellent. e —3p =0

A=10, g=2

. | — (9‘3P)/E_LO exp T

0.0015,|_emLo,eLoExp; | ]
=T

12 14 16




Nuwmwerical results

A =1, g=2. CSA works fine. e — 3p = const ~ 0.5

A=1, g=2

e | — (E-BP)/E_LO exp P

0.8

0.6

0.4

| — eNLOeLO expl|

12

14

16




Nuwmwerical results

A=1,4g=0.7. CSA works fine. e — 3p = const ~ 0.5

0.4

A=1, g=0.7

(e-3p)/fe_LO exp |~

| — eNLOeLO expl|

12

14 16
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Numerical results

A =0.1, g =2. CSA does not work

o | — (e-3p)/e_LO exp|

| —_ é NLOIeILO explr




Conclusions

> The systematic procedure for calculation of quantum corrections to the
Classical Statistical Approximation was developed.

> Time evolution of the (T%,) was analyzed for homogeneous static and
longitudinally expanding models.

> [t was shown that quantum corrections can change the CSA predictions.

onee RS & L e ——




Thank you for your attention
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