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Colored gravity
• Maxwell theory: single massless spin-1 field  
 
Einstein’s gravity: single massless spin-2 field 

• Yang-Mills theory: multiple massless spin-1 fields 
                             + internal symmetry  
 
Colored gravity: multiple massless spin-2 fields 
                             + internal symmetry 

• Colored decoration:  
QCD is Yang-Mills with color gauge group SU(3) 
Colored gravity involves color gauge group SU(N)



Colored gravity
• No-go for interacting massless spin-2 fields 

Boulanger-Damour-Gualtieri-Henneaux, 2001 

• Assume the gauge symmetry is a tensor product  
 

• Let us consider associative algebras  
 

• Evade the no-go by adding spin-1 fields

Gc . For generic Lie algebras gi and gc , their tensor product do not form a Lie algebra, as

is clear from the commutation relations:

[MX ⌦ TI ,MY ⌦ TJ ] =
1

2
[MX ,MY ]⌦ {TI ,TJ }+

1

2
{MX ,MY }⌦ [TI ,TJ ] . (3.2)

The anticommutators {TI ,TJ} and {MX ,MY } do not make sense within the Lie algebras.

Instead, if we start from associative algebras gi and gc , their direct product gi⌦gc will form

an associative algebra. Hence, we need to select associative algebras for gi and gc . For

the color algebra gc , we will consider the matrix algebra u(N), but any finite-dimensional

associative algebra can be used as the color algebra. For the isometry algebra gi , we shall

take gi = gl

2

� gl

2

(instead of sl
2

� sl

2

). We also need for the fields to obey Hermicity

conditions compatible with the real form of the complex associate algebra.

Note that if the isometry algebra gi is not associative — as is the case with Poincaré

algebra discussed in [4–7] — then the requirement of the closure of the algebra is that the

color algebra gc be associative (for the first term in (3.2) to be in the product algebra) and

commutative (for the second term in (3.2) to vanish).

Therefore, our model of colored gravity is the Chern-Simons theory (3.1) where the

one-form gauge field A takes value in

g = (gl
2

� gl

2

)⌦ u(N)  id⌦ I . (3.3)

Notice that we have subtracted the id⌦ I — where id and I are the centers of glM � glM

and u(N) , respectively — since it only adds an abelian Chern-Simons which do not interact

with other fields. It would be worth to remark as well that the algebra g necessarily contains

elements in id⌦ su(N) which corresponds to the gauge symmetries of su(N) Chern-Simons

theory. In this sense, this su(N) will be referred to as the color algebra.3 The trace Tr of

(3.1) should be defined also in the tensor product space and is given by the product of two

traces as

Tr(gi ⌦ gc) = Tr(gi) Tr(gc) . (3.4)

It turns out useful 4 to decompose the algebra g (3.3) into two orthogonal parts as

g = b� c such that Tr(b c) = 0 , (3.5)

where b is the subalgebra:

[b, b] ⇢ b , (3.6)

corresponding to the gravity plus gauge sector, whereas c corresponds to the matter sector

— including all colored spin-two fields — subject to the covariant transformation,

[b, c] ⇢ c . (3.7)

3
In the Introduction, we have explained our model without taking into account this subtraction for the

simplicity sake.

4
Later, we will take advantage of this decomposition in solving the torsionless condition and convert the

Chern-Simons formulation to the metric formulation.
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not defined for Lie algebra

examine the fate of the general covariance in such a theory: if there exists a genuine

metric field among these massless spin-two fields, the others should be subject to interact

covariantly with gravity. Moreover, one can also examine whether the multiple massless

spin two fields can be color decorated bona fide by carrying non-Abelian charges. In

principle, a theory can be made to covariantly interact with gravity or non-Abelian gauge

field by simply replacing all its derivatives by the covariant ones with respect to both the

di↵eomorphism transformation and the non-Abelian gauge transformation. However, as

for the di↵eomorphism-covariant interactions of higher-spin fields [41], such replacements

spoil the gauge invariance of the original system [42]. The problematic term in the gauge

variation is proportional to the curvatures, namely, Riemann tensor Rµ⌫⇢� or non-abelian

gauge field strength Fµ⌫ . In three-dimensions, fortuitously, this is not a problem as these

curvatures are just proportional to the field equations of Eintein gravity or Chern-Simons

gauge theory, respectively. In higher dimensions, these terms can be compensated by

introducing a non-trivial cosmological constant, but at the price of adding higher-derivative

interactions [43, 44].

All in all, to have a consistent interacting theory of color-decorated massless spin-two

fields, we need an (A)dS isometry gauge algebra which can be extended to an associative

one. An immediate candidate is higher spin algebra in any dimensions, since Vasiliev’s

higher-spin theory can be consistently color-decorated, as mentioned before. Other option

is to take the isometry algebras of (A)dS
3

and (A)dS
5

which are isomorphic to sl

2

� sl

2

and sl

4

and can be extended to associative ones, gl
2

� gl

2

and gl

4

by simply adding unit

elements corresponding to spin-one fields.

3 Color-Decorated (A)dS

3

Gravity: Chern-Simons Formulation

Let us now move to the explicit construction of a theory of colored gravity. In this paper,

we focus on the case of three dimensional gravity.

3.1 Color-Decorated Chern-Simons Gravity

In the uncolored case, it is known that the three-dimensional gravity can be written as a

Chern-Simons theory with the action

S[A] =


4⇡

Z
Tr

⇣
A ^ dA+

2

3
A ^A ^A

⌘
, (3.1)

for the gauge algebra sl

2

� sl

2

. The constant  is the level of Chern-Simons action. We

are interested in color-decorating this theory. Physically, this can be done by attaching

Chan-Paton factors to the gravitons. Mathematically, this amounts to requiring the fields

to take values in the tensor-product space gi ⌦ gc , where the gi is the isometry part of the

algebra including sl

2

� sl

2

and the gc is a finite-dimensional Lie algebra of a matrix group

Gc . For generic Lie algebras gi and gc , their tensor product do not form a Lie algebra, as

is clear from the commutation relations:

[MX ⌦ TI ,MY ⌦ TJ ] =
1

2
[MX ,MY ]⌦ {TI ,TJ }+

1

2
{MX ,MY }⌦ [TI ,TJ ] . (3.2)
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•      associative color algebra: 
•      associative algebra containing isometry 

The anticommutators {TI ,TJ} and {MX ,MY } do not make sense within the Lie algebras.

Instead, if we start from associative algebras gi and gc , their direct product gi⌦gc will form

an associative algebra. Hence, we need to select associative algebras for gi and gc . For

the color algebra gc , we will consider the matrix algebra u(N), but any finite-dimensional

associative algebra can be used as the color algebra. For the isometry algebra gi , we shall
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). We also need for the fields to obey Hermicity

conditions compatible with the real form of the complex associate algebra.
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Therefore, our model of colored gravity is the Chern-Simons theory (3.1) where the
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2

� gl

2

)⌦ u(N)  id⌦ I . (3.3)
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and u(N) , respectively — since it only adds an abelian Chern-Simons which do not interact

with other fields. It would be worth to remark as well that the algebra g necessarily contains

elements in id⌦ su(N) which corresponds to the gauge symmetries of su(N) Chern-Simons

theory. In this sense, this su(N) will be referred to as the color algebra.3 The trace Tr of

(3.1) should be defined also in the tensor product space and is given by the product of two

traces as

Tr(gi ⌦ gc) = Tr(gi) Tr(gc) . (3.4)

It turns out useful 4 to decompose the algebra g (3.3) into two orthogonal parts as

g = b� c such that Tr(b c) = 0 , (3.5)

where b is the subalgebra:

[b, b] ⇢ b , (3.6)

corresponding to the gravity plus gauge sector, whereas c corresponds to the matter sector

— including all colored spin-two fields — subject to the covariant transformation,

[b, c] ⇢ c . (3.7)

Corresponding to the decomposition (3.5), the one-form gauge field A can be written as

the sum of two parts

A = B + C , (3.8)

3
In the Introduction, we have explained our model without taking into account this subtraction for the

simplicity sake.

4
Later, we will take advantage of this decomposition in solving the torsionless condition and convert the

Chern-Simons formulation to the metric formulation.
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Colored gravity algebra
• In 3d, the AdS algebra so(2,2) is isomorphic to  

• The AdS algebra can be extended to an 
associative algebra  
 
by adding two identities 

• It corresponds to adding two u(1) vector fields  
This is strikingly analogous to double central extensions in the 
non-relativistic gravities



Chern-Simons formulation
• CS action 

• Gauge algebra 
 
The 1-form gauge field takes value in the gauge algebra. 
Schematically, we have 

• We can solve the torsionless conditions to obtain the 
second order formulation 
 
 

assume that the totally symmetric part is non-vanishing, g
(IJK)

6= 0 , so that massless

spin-two fields have non-trivial interactions among themselves.

Hence, an interacting theory of multiple massless spin-two fields might be viable once
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In this expression, the covariant derivative D is with respect to both the Lorentz transfor-

mation and the su(N) gauge transformation:

D'a = d'a + !ab ^'b +A ^'a +'a ^A ,

D '̃a = d '̃a + !ab ^ '̃b + Ã ^ '̃a + '̃a ^ Ã . (4.9)

The last term in (4.7) is an implicit function of 'a and '̃a . It is proportional to

✏abc e
a ^ ⌦b ^ ⌦c =

1

3
✏abc e

a ^ eb ^ ec⌦
[d
,d⌦e]

,e , (4.10)

where ⌦a = ⌦b
a eb . From (4.2), they are determined to be

⌦a
b =

1

N
W a

b (', '̃) , (4.11)

where W a
b (', '̃) is given by

W a
b (', '̃) = W a

b (')�W a
b ('̃) ,

W a
b (') = 4

p
�Tr

✓
'

[a
b'c]

c � 1

4
�ba'[c

c'd]
d

◆
. (4.12)

Here, 'b
a are the components of 'a : 'a = 'b

a eb . Notice that only the term (4.10) —

which is quartic in 'a and '̃a — gives the cross couplings between '’s and '̃’s.

4.2 first-order description

Gathering all above results and replacing the dreibein ea in terms of the metric gµ⌫ , the

colored gravity action reads

S = S
CS

+
1

16⇡G

Z
d3x

p
|g|


R� V (', '̃) +

2
p
�

N `
✏µ⌫⇢Tr

⇣
'µ

�D⌫'⇢� � '̃µ
�D⌫'̃⇢�

⌘�
,

(4.13)

where the covariant derivative is given by

Dµ'⌫⇢ = rµ'⌫⇢ + [Aµ,'⌫⇢] (4.14)

and the potential function is given by

V (', '̃)

= � 1

N `2
Tr

h
2� I + 4

�
'

[µ
µ'⌫]

⌫ + '̃
[µ
µ '̃⌫]

⌫
�
+ 8

p
�
�
'

[µ
µ'⌫

⌫ '⇢]
⇢ � '̃

[µ
µ '̃⌫

⌫ '̃⇢]
⇢
� i

� 16�

N2 `2
Tr

⇣
'

[µ
⌫ '⇢]

⇢ � '̃
[µ
⌫ '̃⇢]

⇢
⌘
Tr

⇣
'

[⌫
µ'�]

� � '̃
[⌫
µ '̃�]

�
⌘

+
6�

N2 `2

h
Tr

�
'

[µ
µ'⌫]

⌫ � '̃
[µ
µ '̃⌫]

⌫
� i2

. (4.15)

The potential function consists of single-trace and double-trace parts. The single-trace

part originates from the matter action, while the double-trace part originates from solving

the torsionless conditions. For a general configuration, all terms in the potential function

contributes the same as the other terms in (4.13).
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Rainbow valley

Figure 3. Potential of the colored gravity in dS (N = 15): k is the parameter of a curve in su(15)
that passes through the extremum points.

where X is a collection of tensor-valued constant (N ⇥N) Hermitian matrix. It would be

interesting to explore an initio definition of the three-dimensional quantum gravity starting

from this class of matrix models.

This work brings in many open problem worth of further investigation. As already

mentioned in Section 1, extensions to higher-spin (A)dS
3

gravity and supergravity is im-

minent. Further extensions to color-decoration of the known higher-spin gravity in three-

dimensional Lifshitz spacetime [44]and flat spacetime [45] are also straightforward. Exten-

sion to higher-dimensional spacetime is also highly interesting. A version of such situation

was already studied in the context of AdS/CFT correspondence [46]. Vasiliev equations

for color-decorated higher-spin theories needs to be better understood, along with higher-

dimensional counterpart of the stairstep potential we found in three dimensions. As the

color dynamics is described by Chern-Simons gauge theory, one might anticipate to formu-

late colored gravity in any dimensions in terms of a version of Chern-Simons formulation,

perhaps, along the lines of [47] and [48]. Quantum aspects of color-decorated gravity is an

avenue to be explored, in particular, consequences and implications of strong color inter-

actions among colored spin-two fields. Turning to the inflationary cosmology, it would be

interesting how the color-decoration modifies the infrared dynamics of interacting massless

spin-two fields at super-horizon scales. This brings one to investigate stochastic dynamics

of these fields, as would be described by color-decorated version of the Langevin dynamics

[49, 50].

– 21 –

color-singlet
vacuum

Let’s move to

SU(N � k)⇥ SU(k)⇥ U(1)Symmetry Breaking



Symmetry breaking 
The fields 'a

+

and '̃a
+

take values in su(N � k), whereas 'a
� and '̃a

� in su(k) , both

transforming in the adjoint representations.

The second element c
NM

corresponds to the other color singlet:

c

NM

= iso⌦ u(1) , (6.15)

which is linearly independent of the gravity sector. The associated one form reads

C
NM

=
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N � k k

• Diagonal part:

• Symmetry-breaking part:

SU(N � k)⇥ SU(k)⇥ U(1)‣ adjoint in  

‣ remain massless spin-two fields

‣ combines with (or after eating) the spin-1 fields  
describe partially-massless spin-two fields

‣ bi-fundamental

• Higgs-like mechanism



Outline

• Colored gravity  

• Non-relativistic limits 

• Non-relativistic colored gravity



Why non-relativistic gravity?

• Gauge-gravity duality (AdS/CMT)  

• Condensed matter physics (FQHE)  

• Horava-Lifshitz gravity  

• Non-relativistic strings & branes



Newton-Cartan gravity
• Newtonian potential        

        frame fields, spin connections + a vector field  
                                      

• Gauge theory of Bargmann algebra (Andringa, Panda, de Roo, Bergshoeff, 2011)  
where Galilei algebra is centrally extended by a mass generator 
 
[Galilean boosts, spatial translations] ~ Z 

• One-form gauge field 

• Consider a non-relativistic particle. The Lagrangian is not invariant under 
Galilean boosts. The central extension is induced by the modified Noether 
charges.



3d Gravity
• Gravity in 2+1 dimensions is special 

• Ricci tensor and Riemann tensor have the same number 
of independent components (#=6) 
 
Vacuum solutions have constant curvature 
No propagating degrees of freedom  
No gravitational waves 

• Geodesic equations in the Newtonian limit does not 
involve the Newtonian potential 
 
In 3d, massive particles do not feel Newtonian gravity



Second central extension
• In 3d, there exists another central extension of the Galilei group 

• It is subtly interpreted as a spin generator (Jackiw, Nair 2000) 

• Galilei + Mass = Bargmann 
Bargmann + Spin = extended Bargmann 

• Extended Bargmann algebra has a trace 
(a non-degenerate, invariant bilinear form) 

• Extended Bargmann gravity has an action principle  
in terms of a Chern-Simons action  
Bergshoeff-Rosseel, Hartong-Lei-Obers, 2016



Newton-Hooke algebra
• Inonu-Wigner contractions (Bergshoeff-Rosseel 2016) 

Poincare                                         Galilei  
Poincare + u(1)                              Bargmann  
Poincare + u(1) + u(1)                   extended Bargmann 

• Contraction limit: infinite speed of light 

• Turn on cosmological constant  
dS/ AdS            Newton-Hooke (NH) algebra 

• 2+1 d:  NH+Mass+Spin = extended Newton-Hooke  
             action principle in the Chern-Simons formulation



Outline

• Colored gravity  

• Non-relativistic limits 

• Non-relativistic colored gravity



Double extensions
• In 3d colored gravity, the isometry algebra is extended to an 

associative algebra by adding two u(1) generators. 
  
A no-go is evaded and an interacting theory of multiple spin-2 fields is 
constructed. 

• In 3d non-relativistic gravities, two u(1) generators are added 
to the relativistic algebra before taking the non-relativistic limits. 
 
The resulting non-relativistic algebras have two central extensions (mass & 
spin) and have well-defined traces (CS action). 

• We expect to find the colored decorated versions of  Extended 
Bargmann Gravity and Extended Newton-Hooke Gravity



Consistency conditions  
of group contractions

• In general, we can assign different “degrees” to the 
contracted generators when 

• Then we have some consistency conditions 
 

• In particular, the degree-0 generators should form a 
subalgebra 
 
In EB & ENH, the degree-0 generators are the time translation and 
the spatial rotation generators. (abelian)



Non-relativistic limits of  
colored gravity gauge algebra

• Gauge algebra  

• Color-singlet coincides with extended Newton-Hooke 

• The possible non-relativistic limits are classified by 
additional degree-0 generators from the non-singlet 
sector  
0)  no more generators 
1)  1 more set of generators 
2)  2 more sets of generators: type A, type B



Non-relativistic limits of  
colored gravity gauge algebra

• Color-singlet (extended Newton-Hooke)  
 
H = non-relativistic time translation = relativistic time translation + u(1) 
       Mass = (relativistic time translation - u(1) ) / 
  
J = non-relativistic spatial rotation = relativistic spatial rotation + u(1) 
       Spin = (relativistic spatial rotation - u(1) ) /  

• Degree-0 subalgebra 
Case 0): H, J 
Case 1): H, J, su(N) 
Case 2) Type A:  H, J, su(N), relativistic time translation   su(N) 
              Type B:  H, J, su(N), relativistic spatial rotation    su(N)



Summary and outlook
• 3d Colored gravity  
 
Evade the no-go for interacting massless spin-2 field  
by extensions to associative algebras:  
so(2,2) + u(1) + u(1) = gl(2) + gl(2) 

• Classify the non-relativistic limits using consistency 
conditions of Inonu-Wigner contractions 
  
The degree-0 generators form a subalgebra 

• Higgs mechanism in the non-relativistic limits ? (PM?)



Thank you!


