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Anisotropic hydrodynamics: origins

Initial state created in high energy nuclear collisions is highly
anisotropic: negative longitudinal pressure and positive resulting in
fast, mainly longitudinal, expansion.

Experimental data shows that collective effects play important role in
this expansion.

At the tree level and leading gradient approximation the simplest idea
is to construct anisotropic hydrodynamics.

In this talk we discuss equations describing propagation of sound in
non relativistic and relativistic anisotropic hydrodynamics.
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Non-relativistic hydro: generic equations

Continuity equation, equations for velocity and temperature:
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Non-relativistic hydro: fields

Fileds:

ρ(r, t) = m

∫
d3v f (r, v, t)

u(r, t) = 〈v(r, t)〉

Θ(r, t) =
1

3
m〈|v − u|2〉

q(r, t) =
1

2
mρ〈(v − u)|v − u|2〉

pij = ρ〈(vi − ui )(vj − uj)〉

Λij =
1

2
m (∂jui + ∂iuj)

Averaging:

〈A〉 =

∫
d3vAf∫
d3v
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Non-relativistic hydro: isotropic case

Distribution function:

f (0)(r, v, t) = n(r, t)
( m

2πθ

)3/2
exp

[
−m

2θ
(v − u)2

]
Fields:

ρ(r, t) = mn(r, t)

Θ(r, t) = θ(r, t)

q(0)(r, t) = 0

p
(0)
ij (r, t) = δijn(r, t)θ(r, t)
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Non-relativistic hydro: isotropic case

Hydrodynamic equations:

∂ρ
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+∇ · (ρu) = 0
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Non-relativistic hydro: anisotropic case

Distribution function:

f (0)(r, v, t) = n
( m

2πθ

)3/2
exp

{
−m

2θ

[
(v − u)2 + ξ(r, t)(vz − uz)2

]}
Fields:

ρ(an)(r, t) =
mn(r, t)√

1 + ξ

Θ(an)(r, t) = θ(r, t)
1

3

[
3 + 2ξ

1 + ξ

]
q(an)(r, t) = 0

p
(an)
11 (r, t) = p

(an)
22 (r, t) = nθ, p

(an)
33 (r, t) =

nθ

1 + ξ
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Non-relativistic hydro: anisotropic case

Hydrodynamic equations:

∂ρ
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∂
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Non-relativistic anisotropic hydro: sound

Generic equations:

∂tρ+ ρ∇ · u = 0

(∂t + u · ∇) ξ = 0

∂tu +

√
1 + ξ

ρ
∇ · (ρθ) =

√
1 + ξ

ρ
∂3

(
ξ

1 + ξ
ρθ

)
e3

φ(ξ)∂tθ −
2

3

√
1 + ξ

1

ρ
∂tρθ =

ξθ√
1 + ξ

∂3u3

Leading order in spatial gradients of ξ:

−∂2t ρ+
√

1 + ξ∆(ρθ) =
ξ

1 + ξ
∂23(ρθ) +

√
1 + ξ

(
∂23

ξ

1 + ξ

)
(ρθ)

θχ(ξ) = ρφ(ξ) exp

[∫ t

t0

dt
ξ

1 + ξ
∂3u3

]
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Relativistic anisotropic hydrodynamics: basics

Distribution function

f (x , p) = fiso

(√
pµΞµνpν

Λ(x)

)
pµΞµνp

ν = p2 + ξ(x)p2L

Energy-momentum tensor:

Tµν = (ε+ PT )uµuν − PTg
µν + (PL − PT )zµzν

Fields (energy, density, pressure)

ε = R(ξ)εiso(Λ, µ̃)

n = R0(ξ)niso(Λ, µ̃)

PT ,L = RT ,L(ξ)Piso(Λ, µ̃)
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Relativistic anisotropic hydrodynamics: basics and sound

Basic equations:

∂µT
µν = 0

∂µj
µ = 0

Equation for sound waves:

cT∆n(1) + cδ∂
2
zn

(1) − cε∂
2
t n

(1) =

[
ξ̈
∂ε(0)

∂ξ
+ (ξ̇)2

∂2ε(0)

∂ξ2

]
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