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General comments

General comments

@ Conformal higher spin fields in four dimensions
E. Fradkin & A. Tseytlin (1985)

@ Gauging of the conformal higher spin superalgebras
E. Fradkin & V. Linetsky (1989-1991)

@ This talk is about the conformal higher spin superfields in four and
three dimensions, which were introduced in 2016-17.

Superconformal higher spin multiplets Sergei M. Kuzenko



General comments

General comments

Conformal higher spin fields in four dimensions may naturally be
introduced as by-products of Fronsdal's massless actions.

Massless spin-s fields:

hay...accn...qs = ha(s)a(s) gauge field
Roy...oe péer.. s s compensator
Gauge freedom

5ha1...o¢5d1...ds = a(al(dlgag...as)dg...ds) )

5ha1.“a572d1-..d572 = 8ﬁ6€ﬁa1,..a5,23d1..‘ds,2

Conformal spin-s field: ha(s)a(s) With the same gauge freedom
conformal primary of dimensions (2 — s)
Conformal primary and gauge-invariant field strength
Cal...ozzs = 8(04151 e a(asﬁsha5+1~~0425)51~ﬂ.s

Conformal gauge invariant action

S = /d4XCa1“'a25Ca1ma25 + c.c.
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Superconformal transformations in f.-‘]I‘”4

Superconformal transformations in M*/4

M** Minkowski superspace with Cartesian coordinates z# = (x2, 0%, éd)
Da = (02, Dy, D%) superspace covariant derivatives

Superconformal transformations are generated by first-order operators
§ = PDg = £°05 + €Dy + §30°
which obey the equation

1
[5 + EKbc[f]Mbc ; DA] +d5je)Da =0,

for some local Lorentz (K><[£]) and super-Weyl (c[€]) parameters.
& is called a conformal Killing supervector field.

The parameters £, K¢[¢] and o[¢] are expressed in terms of £2:

¢ = —ghag® . Dig" =0,
Kaplé]l = Dialsy,  DyKaplé] =0,
olé] = %(Daé“’ +2D%,),  Dsiol¢] =0.
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Superconformal transformations in I 114‘4

Super-Weyl transformations in supergravity

P. Howe & R. Tucker (1978)
1
60Da = (5 - EU)DQ + (Dﬁg) MQ/B ?
_ 1. - P
0,Dg = (0 — E(I)D,jK + (DﬂJ)MdB ,
1
0cDoa = §(U+5)Daa + = (D )Duo + = (D o)Dg

"’(Dﬁda)MaB + (Daﬁ_)Maﬁ )

where ¢ is an arbitrary covariantly chiral scalar superfield, Dyo = 0.
The torsion tensors of curved superspace transform as follows:

dsR = 20R + %(152 —4R)7 ,
1
60Gad — 5(

3
(50— Wagv = EJWOCB'Y .
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Superconformal transformations in f.-‘]I‘”4

Superconformal transformations

The vector components of £# obey the master equations
Diaépyy =0 = Dby =0

which contain all information about £4.
The most general conformal Killing supervector field

. . 1 . _. N
do :a‘m—l—i(o—}—&)xﬁa—I—KO‘-er -|—X+ﬁKﬁ + x ﬂbBﬁXJr
+4ied 9> — 4Xi‘57)50°‘ ,
1 .Oé s = .O( «
£¥ = ¥+ (&— 50)90‘ +9ﬁK5a ++96bﬁﬁ-xf —177ﬁ-xf +26%n> |
where
a a i apn ca a
g =g+l  E=g,

and x2 = x? + 10?0 is bosonic coordinate on chiral subspace of M*/*.
o =T — 2ip describes scale (7) and R-symmetry (¢) transformations.
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Superconformal transformations in f.-‘]I‘”4

Superconformal primary superfields

A tensor superfield T (with its indices suppressed) is said to be
superconformal primary of weight (p, q) if it transforms as

5T = (€ 4+ S K*[EIMoe) T + (pole] + g3le)) T

for some parameters p and gq.
Dimension of T is equal to (p + q);
R-symmetry charge of T is proportional to (p — q).

If 7 is superconformal primary and chiral, DsT =0, then it cannot
possess dotted indices, i.e. Ma,éT: 0, and it must hold that g = 0.

In the chiral case, it suffices to say that T is superconformal primary of
dimension p.
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Superconformal transformations in f.-‘]I‘”4

Superconformal action principles

@ Given a superconformal primary real scalar £ of weight (1,1),
0¢L = €L+ (0[] + [€]) £ = 8a(6°L) — Da(¢™L) — D*(&aL)
the functional
S= / d*xd?0d?0 L

is superconformal.

@ Given a superconformal primary chiral scalar L. of dimension +3,
Do'zﬁc =0, (s.fﬁc =¢L. + 30—[5]‘60 = 8a(faﬁc) - Doz(gaﬁc) )
the functional

&:/&m%g

is superconformal.
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Superconformal half-integer superspin multiplets on 114‘4

Superconformal half-integer superspin multiplets on M?**

Let s be a positive integer. In the superspin-(s + %) case, the conformal
prepotential Hy(s)a(s) = Ha...au6n...a, 1S @ real superfield, which is
symmetric in its undotted indices and, independently, in its dotted indices.
The gauge transformation law of H,(s)4(s) is

6Ha1...a5d1...o'¢5 = D(dq/\alu.asdgmds) - D(all\az‘..as)dq‘..ds )

with unconstrained gauge parameter Ay (s)4(s—1)-
SMK, V. Postnikov & A. Sibiryakov (1993)
The s = 1 case corresponds to linearised conformal supergravity
S. Ferrara and B. Zumino (1978)

The superconformal transformation law of H,(s)a(s) is

1
d¢ Ho(s)a(s) = (5 + EKbC[S] Mbc) Ha(s)a(s) — (U[f] + 5[€]) Ha(s)a(s) -

It is uniquely determined if one requires both H(s)a(s) and Ay(s)a(s—1) to
be superconformal primary
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Superconformal half-integer superspin multiplets on 114‘4

Superconformal half-integer superspin multiplets

Chiral gauge-invariant field strength

as+2»--a25+1)ﬂ.1-~-,3.5

1._ ) .
Wa1-~a25+1 = _ZD28(011B1 s 801565 Das+1 H

proves to be superconformal primary of dimension 3/2.

Superconformal gauge-invariant action

S

s

+% - /d4Xd20 W“1'~~O‘25+1Wa1ma25+1 +/d4Xd2§V_len-o'tzsﬂV_VDIQWOICZSJr1

is superconformal.
Special case s = 1: Linearised conformal supergravity.
S. Ferrara and B. Zumino (1978)

Identity

/d4Xd20 WQL“QQSHW&L-.OLBH — /d4Xd29_Wdl...d25+1wdlmd25+1 )
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Superconformal half-integer superspin multiplets on 114‘4

Superconformal half-integer superspin multiplets

Wess-Zumino gauge:
Hal...ocsdl.__ds(a,a—) = eﬁe_ﬂh Bal s )(Bal d + 5295w(5a1a5)a1a5
_920 wal N ,Bal Qs +0202 O41 LBy .G

where the bosonic fields hq(st1)a(s+1) and ha(s)a(s) are real.
Residual gauge freedom: (Ho = 05200,)

5 _ A i 3
Dian Nes)iz...as) = € 0{ -5 Ca(s)dn..ivs F10(61 Pa(s)tn...)
. _ S = :
_lo(alpag...as)dl..‘ds + maﬁe(dla(BVCal...as)dl...o'zs,l"y

1 s?
7§m0( a Cag L)Y ... s ) 219(041 a1Co¢2 ). s)

920_(d18((11;}/[)(12...&5)’)10'42...('15) } K

Cs+1

where the bosonic parameters (,(s)a(s) and Ca(s—1)a(s—1), are real.
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Superconformal half-integer superspin multiplets on I.IAM

Superconformal half-integer superspin multiplets

Residual gauge transformations:

5ha1...a5+1d1‘..d5+1 = a(oq(o'qCaz...a5+1)d2...ds+1) )
5/7041...045(541...0'45 = a(al(dlgoez...as)o'cz...ds) 3
5wa1.4.a5+1d1..4d5 = 8(a1(d1p042...a5+1)0'¢2‘..d5) .

These transformation laws correspond to conformal higher spin fields
E. Fradkin & A. Tseytlin (1985)
E. Fradkin & V. Linetsky (1989)
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Superconformal integer superspin m

Superconformal integer superspin multiplets on M**

In the superspin-s case, superconformal multiplet is described by
unconstrained prepotential \Ua(s)oz(sq) =Vo, . 0.4, and its
conjugate wa(s—l)d(s)-

For s > 1 the gauge freedom is

5\1!041...045(541...0'45_1 = D(alAaz...as)o'zl.“o'cs,l + D(dlgal...aso'cz...ds,l) i

with unconstrained gauge parameters /_\a(sfl)d(sfl) and Co(s)a(s—2) -
SMK & A. Sibiryakov (1993)

Gauge-invariant chiral field strengths (including the s = 1 case )

Qst1.0.025)B1. Bs—1

1 - . .
Wa..an. = fzoza(alﬂl O, PIDL Y

Zoumazs as+1wa5+2---0425)ﬁ.1~-65

1 - . .
- _ZD2a(a1B1 .04, D,
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Superconformal integer superspin m

Superconformal integer superspin multiplets

Superconformal transformation law of the prepotential:

1 1
SEwa(s)d(s—l) = {5 + EKbc[g]Mbc - 5 (50—[5] + (5 - 1)6—[5]) }wa(s)o'z(s—l)

The chiral field strengths W,(25) and Z,2s) proves superconformal
primaries of dimension 1 and 2, respectively.

Superconformal gauge-invariant action
55 _ i/d4Xd29 Walmazszoq“.ak _ i/d4Xd29_Wd1mdst_dlmd25 .
Identity

/ d*xdPOW 0% 2, + / A*xd?0 Wiy, 200 =0 .
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Superconformal integer superspin m

Superconformal gravitino multiplet (superspin-1)

For s = 1 the gauge freedom is
SV, = Do+ (o DjCa =0
J. Gates & W. Siegel (1980)

Chiral field strengths

Wap

|
|
O
N
jS)
R
<
=

Zap = =5 D*0" D)V

are obviously gauge invariant.
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Superconformal higher spin multiplets in supergravity

@ The linearised gauge transformations are uniquely extended to
curved superspace, for instance

6Ha1“.asd1“.d5 = @(dlAal...asdz...ds) - D(all_\az...as)éq...ds .

@ The chiral field strengths may be uniquely lifted to curved
superspace as super-Weyl primary multiplets. However, the resulting
superfields are no longer gauge invariant, if the super-Weyl tensor of
background superspace is non-zero, W, 5, # 0.

@ Starting from superspin-1, super-Weyl- and gauge-invariant actions
may be obtained if the supersymmetric extension of the Bach tensor

By = iDga Dy W + (D5 Gy ) W + Gy D, WP
= ilDozB,Z_)ﬁ Wdﬁ.‘y - (,Dﬁ Gaﬁ)Wdﬁ.;y - GaBZ_)"Y Wd’é;y

vanishes.
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Superconformal higher spin multiplets in supergravity

Example: linearised conformal supergravity
The linearised super-Weyl tensor is

1,- G
Wagy = =5 (D* = 4R){(D(a” +i6(0")Ds HW} '

Under the gauge transformation it varies as

i =
A Wassy = 5(D? = 4R) [ (D° Wiap) Ay — D (Wanysh?) | -

Example: superspin-5/2

1 _ . . . . . .
Was.eas = =7 (D2 = 4R){ Do, Do + 3160, * Do, — 26(," 6o,
1 _ 3 3. : :
_Z([D(Oﬂ’ Dﬂl]Ga252) + EI(ID((MBI GDQBZ)}DM Ha40¢5)5152
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Superconformal gravitino multiplet

Gauge freedom
5wa:Da/_\+<a ) ﬁﬁ'Cazoa

Covariantly chiral field strengths

Was

1 -
——(D? - 4R)D(, ¥

4( ) (a™B) s

15 & i@ U
Zap = —7(D* = 4R) (D" +1G(u*)Dp Vs

are super-Weyl primary of dimension 4+1 and +2, respectively.
Super-Weyl- and gauge-invariant action

S = i/d4xd20€WO‘ﬂZa5 - 2i/d4xd29d20'E Waﬁwa(pw +iGy)D, WP
+ / d*xd?0%0 E (Do WP7)(DyWs)D, 0 + cc.

& and E denote the chiral and full superspace measures,, respectively.
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3D N = 1 superconformal higher spin multiplets

SMK (2016)
Superconformal higher spin prepotential: Hy(n) = Ha,..a,-
Its gauge transformation
(S'I_qu..‘oz,7 = inD(algaz.uan) ) n>0
He(ny is superconformal primary of dimension (1 — n/2).
Superconformal primary and gauge-invariant field strength
Wal‘..an(H)
1 L2l n
— J e
~ on Z {<2J) U 8(a151 s ao‘n—ZJB ZJ Qn—2J41---0n)P1... B2y
J=0

i n J T
75 <2J + 1> D2|:] a(alﬁl cen aoc,,fzj—lﬁ 2J IHO‘"ZJ“'a")IBI“ﬂnZJI} .
Bianchi identity
D‘/j V‘/ﬂ(n‘..wnfl =0
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Conformal higher spin supergravity

Alternative representation
—i)n
Wo(n) = %DBI Da, ..DP"D,, Hs, 5, -

It is completely symmetric, W, .o, = W(q,...a,), @ a consequence of

D°D,Ds =0 = [D.Ds,D,Ds]=0.

Superconformal and gauge-invariant Chern-Simons-type action
Scs[H] = i”/d3'2z H W ) (H)

n=1 vector multiplet
n=3 linearised conformal supergravity
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Massive higher spin supermultiplets

SMK & M. Tsulaia (2017)

n/2 :n @1...Qp
Sr(nz{ss)ive = /d3|22 {‘Cn/2(Ha(n)aXa(2[n/2j—2)) +i"AHM Walu.a,,(H)}
Here
n/2
Sr(nass)less = /d3|2z£”/2(Ha(”)’Xa(2\_”/2J —2))

is gauge invariant massless action, with X,(2(/2)—2) the compensator.

The equations of motion imply that W,,) is an on-shell massive
superfield,

i ol A

<§D2—|—mo)Wa(n):O, O’:(—].)L /2JW y
and hence the superhelicity of W,y is k = (3n+ 1) 0
(helicity values 2o and o)
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On-shell massive supermultiplets

For n > 0, a massive superfield T,(,) is defined to be a real symmetric
rank-n spinor, Tu,..a, = Tay..cp = T(ay---a,), Which obeys equation

DPTsarcys =0 = 0 Tsyay 0, =0,

i

2D2Ta1...an - mUTal___an 9 g = :I:]. .

SMK, J. Novak & G. Tartaglino-Mazzucchelli (2015)
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