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General comments

Conformal higher spin fields in four dimensions
E. Fradkin & A. Tseytlin (1985)

Gauging of the conformal higher spin superalgebras
E. Fradkin & V. Linetsky (1989–1991)

This talk is about the conformal higher spin superfields in four and
three dimensions, which were introduced in 2016–17.
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General comments

Conformal higher spin fields in four dimensions may naturally be
introduced as by-products of Fronsdal’s massless actions.
Massless spin-s fields:
hα1...αs α̇1...α̇s ≡ hα(s)α̇(s) gauge field
hα1...αs−2α̇1...α̇s−2 compensator
Gauge freedom

δhα1...αs α̇1...α̇s = ∂(α1(α̇1
ζα2...αs )α̇2...α̇s ) ,

δhα1...αs−2α̇1...α̇s−2 = ∂ββ̇ζβα1...αs−2β̇α̇1...α̇s−2

Conformal spin-s field: hα(s)α̇(s) with the same gauge freedom
conformal primary of dimensions (2− s)

Conformal primary and gauge-invariant field strength

Cα1...α2s = ∂(α1

β̇1 . . . ∂(αs

β̇shαs+1...α2s )β̇1...β̇s

Conformal gauge invariant action

S =

∫
d4x Cα1...α2sCα1...α2s + c.c.
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Superconformal transformations in M4|4

M4|4 Minkowski superspace with Cartesian coordinates zA = (xa, θα, θ̄α̇)
DA = (∂a,Dα, D̄

α̇) superspace covariant derivatives

Superconformal transformations are generated by first-order operators

ξ = ξBDB = ξb∂b + ξβDβ + ξ̄β̇D̄
β̇

which obey the equation[
ξ +

1

2
K bc [ξ]Mbc ,DA

]
+ δσ[ξ]DA = 0 ,

for some local Lorentz (K bc [ξ]) and super-Weyl (σ[ξ]) parameters.
ξ is called a conformal Killing supervector field.

The parameters ξα, K bc [ξ] and σ[ξ] are expressed in terms of ξa:

ξα = − i

8
D̄α̇ξ

α̇α , D̄γ̇ξ
α = 0 ,

Kαβ[ξ] = D(αξβ) , D̄γ̇Kαβ[ξ] = 0 ,

σ[ξ] =
1

3
(Dαξ

α + 2D̄α̇ξ̄α̇) , D̄γ̇σ[ξ] = 0 .
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Super-Weyl transformations in supergravity

P. Howe & R. Tucker (1978)

δσDα = (σ̄ − 1

2
σ)Dα + (Dβσ)Mαβ ,

δσD̄α̇ = (σ − 1

2
σ̄)D̄α̇ + (D̄β̇ σ̄)M̄α̇β̇ ,

δσDαα̇ =
1

2
(σ + σ̄)Dαα̇ +

i

2
(D̄α̇σ̄)Dα +

i

2
(Dασ)D̄α̇

+(Dβα̇σ)Mαβ + (Dαβ̇ σ̄)M̄α̇β̇ ,

where σ is an arbitrary covariantly chiral scalar superfield, D̄α̇σ = 0.
The torsion tensors of curved superspace transform as follows:

δσR = 2σR +
1

4
(D̄2 − 4R)σ̄ ,

δσGαα̇ =
1

2
(σ + σ̄)Gαα̇ + iDαα̇(σ − σ̄) ,

δσWαβγ =
3

2
σWαβγ .
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Superconformal transformations

The vector components of ξA obey the master equations

D(αξβ)β̇ = 0 ⇐⇒ D̄(α̇ξβ̇)β = 0

which contain all information about ξA.
The most general conformal Killing supervector field

ξα̇α+ = aα̇α +
1

2
(σ + σ̄) x α̇α+ + K̄ α̇

β̇ x
β̇α
+ + x α̇β+ Kβ

α + x α̇β+ bββ̇x
β̇α
+

+4i ε̄α̇θα − 4x α̇β+ ηβθ
α ,

ξα = εα +
(
σ̄ − 1

2
σ
)
θα + θβKβ

α + +θβbββ̇x
β̇α
+ − i η̄β̇x

β̇α
+ + 2θ2ηα ,

where

ξa+ = ξa +
i

8
ξσaθ̄ , ξ̄a = ξa ,

and xa+ = xa + iθσaθ̄ is bosonic coordinate on chiral subspace of M4|4.
σ = τ − 2

3 iϕ describes scale (τ) and R-symmetry (ϕ) transformations.
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Superconformal primary superfields

A tensor superfield T (with its indices suppressed) is said to be
superconformal primary of weight (p, q) if it transforms as

δξT =
(
ξ +

1

2
K bc [ξ]Mbc

)
T +

(
pσ[ξ] + qσ̄[ξ]

)
T

for some parameters p and q.
Dimension of T is equal to (p + q);
R-symmetry charge of T is proportional to (p − q).

If T is superconformal primary and chiral, D̄α̇T = 0, then it cannot
possess dotted indices, i.e. M̄α̇β̇T = 0, and it must hold that q = 0.

In the chiral case, it suffices to say that T is superconformal primary of
dimension p.
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Superconformal action principles

Given a superconformal primary real scalar L of weight (1,1),

δξL = ξL+
(
σ[ξ] + σ̄[ξ]

)
L = ∂a(ξaL)− Dα(ξαL)− D̄α̇(ξ̄α̇L) ,

the functional

S =

∫
d4xd2θd2θ̄L

is superconformal.

Given a superconformal primary chiral scalar Lc of dimension +3,

D̄α̇Lc = 0 , δξLc = ξLc + 3σ[ξ]Lc = ∂a(ξaLc)− Dα(ξαLc) ,

the functional

Sc =

∫
d4xd2θLc

is superconformal.
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Superconformal half-integer superspin multiplets on M4|4

Let s be a positive integer. In the superspin-(s + 1
2 ) case, the conformal

prepotential Hα(s)α̇(s) ≡ Hα1...αs α̇1...α̇s is a real superfield, which is
symmetric in its undotted indices and, independently, in its dotted indices.
The gauge transformation law of Hα(s)α̇(s) is

δHα1...αs α̇1...α̇s = D̄(α̇1
Λα1...αs α̇2...α̇s ) − D(α1

Λ̄α2...αs )α̇1...α̇s
,

with unconstrained gauge parameter Λα(s)α̇(s−1).
SMK, V. Postnikov & A. Sibiryakov (1993)

The s = 1 case corresponds to linearised conformal supergravity
S. Ferrara and B. Zumino (1978)

The superconformal transformation law of Hα(s)α̇(s) is

δξHα(s)α̇(s) =
(
ξ +

1

2
K bc [ξ]Mbc

)
Hα(s)α̇(s) −

s

2

(
σ[ξ] + σ̄[ξ]

)
Hα(s)α̇(s) .

It is uniquely determined if one requires both Hα(s)α̇(s) and Λα(s)α̇(s−1) to
be superconformal primary
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Superconformal half-integer superspin multiplets

Chiral gauge-invariant field strength

Wα1...α2s+1 = −1

4
D̄2∂(α1

β̇1 . . . ∂αs

β̇sDαs+1Hαs+2...α2s+1)β̇1...β̇s

proves to be superconformal primary of dimension 3/2.

Superconformal gauge-invariant action

Ss+ 1
2

=

∫
d4xd2θWα1...α2s+1Wα1...α2s+1 +

∫
d4xd2θ̄ W̄α̇1...α̇2s+1W̄ α̇1...α̇2s+1

is superconformal.
Special case s = 1: Linearised conformal supergravity.

S. Ferrara and B. Zumino (1978)
Identity∫

d4xd2θWα1...α2s+1Wα1...α2s+1 =

∫
d4xd2θ̄ W̄α̇1...α̇2s+1W̄ α̇1...α̇2s+1 .
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Superconformal half-integer superspin multiplets

Wess-Zumino gauge:

Hα1...αs α̇1...α̇s (θ, θ̄) = θβ θ̄β̇h(βα1...αs )(β̇α̇1...α̇s ) + θ̄2θβψ(βα1...αs )α̇1...α̇s

−θ2θ̄β̇ψ̄α1...αs (β̇α̇1...α̇s ) + θ2θ̄2hα1...αs α̇1...α̇s ,

where the bosonic fields hα(s+1)α̇(s+1) and hα(s)α̇(s) are real.

Residual gauge freedom: (H0 = θσaθ̄∂a)

D̄(α̇1
Λα(s)α̇2...α̇s ) = eiH0

{
− i

2
ζα(s)α̇1...α̇s

+ iθ̄(α̇1
ρα(s)α̇2...α̇s )

−iθ(α1
ρ̄α2...αs )α̇1...α̇s

+
s

s + 1
θβ θ̄(α̇1

∂(β
γ̇ζα1...αs )α̇1...α̇s−1γ̇

−1

2

s2

(s + 1)2
θ(α1

θ̄(α̇1
∂γγ̇ζα2...αs )γα̇2...α̇s )γ̇ − 2i θ(α1

θ̄(α̇1
ζα2...αs )α̇2...αs )

− s

s + 1
θ2θ̄(α̇1

∂(α1

γ̇ ρ̄α2...αs )γα̇2...α̇s )

}
,

where the bosonic parameters ζα(s)α̇(s) and ζα(s−1)α̇(s−1) are real.
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Superconformal half-integer superspin multiplets

Residual gauge transformations:

δhα1...αs+1α̇1...α̇s+1 = ∂(α1(α̇1
ζα2...αs+1)α̇2...α̇s+1) ,

δhα1...αs α̇1...α̇s = ∂(α1(α̇1
ζα2...αs )α̇2...α̇s ) ,

δψα1...αs+1α̇1...α̇s = ∂(α1(α̇1
ρα2...αs+1)α̇2...α̇s ) .

These transformation laws correspond to conformal higher spin fields
E. Fradkin & A. Tseytlin (1985)
E. Fradkin & V. Linetsky (1989)
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Superconformal integer superspin multiplets on M4|4

In the superspin-s case, superconformal multiplet is described by
unconstrained prepotential Ψα(s)α̇(s−1) ≡ Ψα1...αs α̇1...α̇s−1 and its

conjugate Ψ̄α(s−1)α̇(s).
For s > 1 the gauge freedom is

δΨα1...αs α̇1...α̇s−1 = D(α1
Λ̄α2...αs )α̇1...α̇s−1

+ D̄(α̇1
ζα1...αs α̇2...α̇s−1) ,

with unconstrained gauge parameters Λ̄α(s−1)α̇(s−1) and ζα(s)α̇(s−2) .
SMK & A. Sibiryakov (1993)

Gauge-invariant chiral field strengths (including the s = 1 case )

Wα1...α2s = −1

4
D̄2∂(α1

β̇1 . . . ∂αs−1

β̇s−1Dαs Ψαs+1...α2s )β̇1...β̇s−1
,

Zα1...α2s = −1

4
D̄2∂(α1

β̇1 . . . ∂αs

β̇sDαs+1 Ψ̄αs+2...α2s )β̇1...β̇s
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Superconformal integer superspin multiplets

Superconformal transformation law of the prepotential:

δξΨα(s)α̇(s−1) =
{
ξ +

1

2
K bc [ξ]Mbc −

1

2

(
sσ[ξ] + (s − 1)σ̄[ξ]

)}
Ψα(s)α̇(s−1)

The chiral field strengths Wα(2s) and Zα(2s) proves superconformal
primaries of dimension 1 and 2, respectively.

Superconformal gauge-invariant action

Ss = i

∫
d4xd2θWα1...α2sZα1...α2s − i

∫
d4xd2θ̄ W̄α̇1...α̇2s Z̄ α̇1...α̇2s .

Identity∫
d4xd2θWα1...α2sZα1...α2s +

∫
d4xd2θ̄ W̄α̇1...α̇2s Z̄ α̇1...α̇2s = 0 .
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Superconformal gravitino multiplet (superspin-1)

For s = 1 the gauge freedom is

δΨα = DαΛ̄ + ζα , D̄β̇ζα = 0 .

J. Gates & W. Siegel (1980)

Chiral field strengths

Wαβ = −1

4
D̄2D(αΨβ) ,

Zαβ = −1

4
D̄2∂(α

β̇Dβ)Ψ̄β̇

are obviously gauge invariant.

Superconformal higher spin multiplets Sergei M. Kuzenko



General comments Superconformal transformations in M4|4 Superconformal half-integer superspin multiplets on M4|4 Superconformal integer superspin multiplets on M4|4 Superconformal higher spin multiplets in supergravity 3D N = 1 superconformal higher spin multiplets

Superconformal higher spin multiplets in supergravity

The linearised gauge transformations are uniquely extended to
curved superspace, for instance

δHα1...αs α̇1...α̇s = D̄(α̇1
Λα1...αs α̇2...α̇s ) −D(α1

Λ̄α2...αs )α̇1...α̇s
.

The chiral field strengths may be uniquely lifted to curved
superspace as super-Weyl primary multiplets. However, the resulting
superfields are no longer gauge invariant, if the super-Weyl tensor of
background superspace is non-zero, Wαβγ 6= 0.

Starting from superspin-1, super-Weyl- and gauge-invariant actions
may be obtained if the supersymmetric extension of the Bach tensor

Bαα̇ = iDβα̇DγW αβγ + (DβGγα̇)W αβγ + Gβα̇DγW αβγ

= iDαβ̇D̄γ̇W̄
α̇β̇γ̇ − (D̄β̇Gαγ̇)W̄ α̇β̇γ̇ − Gαβ̇D̄γ̇W̄

α̇β̇γ̇

vanishes.

Superconformal higher spin multiplets Sergei M. Kuzenko



General comments Superconformal transformations in M4|4 Superconformal half-integer superspin multiplets on M4|4 Superconformal integer superspin multiplets on M4|4 Superconformal higher spin multiplets in supergravity 3D N = 1 superconformal higher spin multiplets

Superconformal higher spin multiplets in supergravity

Example: linearised conformal supergravity
The linearised super-Weyl tensor is

Wαβγ = −1

4
(D̄2 − 4R)

{
(D(α

γ̇ + iG(α
γ̇)DβHγ)γ̇

}
.

Under the gauge transformation it varies as

δΛWαβγ =
i

2
(D̄2 − 4R)

[(
DδWδ(αβ

)
Λγ) −D(α

(
Wβγ)δΛδ

)]
.

Example: superspin-5/2

Wα1...α5 = −1

4
(D̄2 − 4R)

{
D(α1

β̇1Dα2

β̇2 + 3iG(α1

β̇1Dα2

β̇2 − 2G(α1

β̇1Gα2

β̇2

−1

4
([D(α1

, D̄β̇1 ]Gα2

β̇2 ) +
3

2
i(D(α1

β̇1Gα2

β̇2 )
}
Dα3Hα4α5)β̇1β̇2
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Superconformal gravitino multiplet

Gauge freedom

δΨα = DαΛ̄ + ζα , D̄β̇ζα = 0 ,

Covariantly chiral field strengths

Wαβ = −1

4
(D̄2 − 4R)D(αΨβ) ,

Zαβ = −1

4
(D̄2 − 4R)

[
(D(α

α̇ + iG(α
α̇)Dβ)Ψ̄α̇

]
are super-Weyl primary of dimension +1 and +2, respectively.
Super-Weyl- and gauge-invariant action

S = i

∫
d4xd2θ E WαβZαβ − 2i

∫
d4xd2θd2θ̄ E W αβγΨα(Dββ̇ + iGββ̇)DγΨ̄β̇

+

∫
d4xd2θd2θ̄ E (DαW αβγ)(D̄β̇Ψβ)DγΨ̄β̇ + c.c.

E and E denote the chiral and full superspace measures, respectively.
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3D N = 1 superconformal higher spin multiplets

SMK (2016)
Superconformal higher spin prepotential: Hα(n) = Hα1...αn .
Its gauge transformation

δHα1...αn = inD(α1
ζα2...αn) , n > 0

Hα(n) is superconformal primary of dimension (1− n/2).

Superconformal primary and gauge-invariant field strength

Wα1...αn(H)

:=
1

2n

bn/2c∑
J=0

{(
n

2J

)
2J∂(α1

β1 . . . ∂αn−2J

βn−2JHαn−2J+1...αn)β1...βn−2J

− i

2

(
n

2J + 1

)
D22J∂(α1

β1 . . . ∂αn−2J−1

βn−2J−1Hαn−2J ...αn)β1...βn−2J−1

}
.

Bianchi identity

DβWβα1...αn−1 = 0
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Conformal higher spin supergravity

Alternative representation

Wα(n) =
(−i)n

2n
Dβ1Dα1 . . .D

βnDαnHβ1...βn .

It is completely symmetric, Wα1...αn = W(α1...αn), as a consequence of

DβDαDβ = 0 =⇒ [DαDβ ,DγDδ] = 0 .

Superconformal and gauge-invariant Chern-Simons-type action

SCS[H] = in
∫

d3|2z Hα(n)Wα(n)(H)

n = 1 vector multiplet
n = 3 linearised conformal supergravity
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Massive higher spin supermultiplets

SMK & M. Tsulaia (2017)

S
(n/2)
massive =

∫
d3|2z

{
Ln/2

(
Hα(n),Xα(2bn/2c−2)

)
+ inλHα1...αnWα1...αn(H)

}
Here

S
(n/2)
massless =

∫
d3|2z Ln/2

(
Hα(n),Xα(2bn/2c−2)

)
is gauge invariant massless action, with Xα(2bn/2c−2) the compensator.

The equations of motion imply that Wα(n) is an on-shell massive
superfield, ( i

2
D2 + mσ

)
Wα(n) = 0 , σ = (−1)bn/2c λ

|λ|
,

and hence the superhelicity of Wα(n) is κ =
(

1
2n + 1

4

)
σ

(helicity values n
2σ and n+1

2 σ)
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On-shell massive supermultiplets

For n > 0, a massive superfield Tα(n) is defined to be a real symmetric

rank-n spinor, Tα1···αn = T̄α1...αn = T(α1···αn), which obeys equation

DβTβα1···αn−1 = 0 =⇒ ∂βγTβγα1...αn−2 = 0 ,

− i

2
D2Tα1...αn = mσTα1...αn , σ = ±1 .

SMK, J. Novak & G. Tartaglino-Mazzucchelli (2015)
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