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Schwarzschild metric in isotropic spherical

coordinates and its generalization with
supertranslation field

1— M/2p)?
ds? — — L= MI20)" 2 4 4 M j2p)H(dg? + pRd?
Generalization of the Schwarzschild metric with supertranslation
field (G.Compere and J.Long, 2016 )
1— M/2ps)?
d2:—(—dt2 1+ M/2ps)*

(dr? + (0 = E)* + Uyyas + (p — E)Cag)dz"dz®)

ps(p, C) = \/(p — ()2 + DaCDAC
yagdz?dzB = d6? + sin® 0dp?
Cag = —(2DaDg — yasD?)C
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Supertranslation field

C =)
Coo = — (C" — C'coth), CW:—sin29(C”—C'cot9)
Coo =0

Kerr case: Cyp(0) = a/sinf, C(0) = a2 + a1 cosf + asiné (S.J.Fletcher
and A.W.Lun, 2003, G.Barnich and C.Troessaert, 2011 )

Notations

2M
L=1-2F
.

K::r—M—i—rLl/2
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Transformation from isotropic to Schwarzschild

variables r = r(ps(p, C)) = p = p(r, C)

ps(p. C) = \/(p — C)? + DaCDAC

= ps(p, C) (1 + 2ps(AZ,C)>2

2C'

K
1/2 K
) =C+ 5\/ 1— b2
bb’ dr
do + ——————| .
\/ b2 rl1/2\/1 — b2
Horizon

b .

| X

w\x N

N

ps(p, C)=M/2 = r=2M
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Transformed metric with supertranslation field in

Schwarzschild variables

dr? b(v/1—b%2—b)r
ds? = —Ldt? + ———- + 2drdf
s LT R S TR VRV
/ b/
+d6%r 2 (V1 T b2 i + dp?r?sinf(bcot§ — /1 — b2)2.
Inverse metric (t,r,6) part
L1 0 0
0 L —LY2p[rv1 - b2 — V]!

0 —LY2p[rV1—02—b]t  [r(vV1—-b2—-b)]?
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Equation for eigenmodes

Oy = ——0,\/|glg" 0t = 0

1
Vel
Perturbative solution of the equation in parameter % ~ % in
the near-horizon region L =1 —-2M/r < 1

P =tho + 1 +tha+- -
Oy = Oovpo + O1vpg + o1 + atpo + Hotpo + Lyapy + -+ -

Subscripts denote the orders in %.

S-wave mode

Zero order equation

2
i = 0|t w0 (2 KGN

r2
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First order solution 1/

Zero-order S-mode

elw(tEry)
o =
Varr
The first order equation [y + Loy =0
1 1
Ui = L (&x/%) Orihg + O \/ngre o =
\/jg (1) \/jg ( 1 )

1/2

= !La,(—b/ — bcotf) — (Lr> (b’ + bcot 0)] Orpg =0

LOb = LOK(2C/K)O, K = —bLY?/r
Y1 = 1o
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Second-order equation 1)y + [y, = 0

- [o(5),,+ (4F

Derivatives O, produce powers [~!

eiwr* eiwr* jw eiwr* u)2
8!’ = EFER) 12- ~ — 72 +
r r L r L
In the leading order in L~!
F(2)(9) +iw
Mato = — 7 mwo
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Solution of the eqution [y + Ly, =0

11/2 K2 r

2 o F iw(ttry)
82+82+L<2rM_K(r@2,<P)>] r¢2:i’wﬁe

Second-order solution

+iwr? Feo)

o 1/2
Yol (1+idrw) K

2 Yo

r~2M
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Higher-order solutions v,

The equation for v,

Ontbo + Y Oty + Oothy = 0

o(cm) — 0(C")
Or Kn __nKnr[_l/Z'

Because
i) g = L does not have contributions of higher orders in O(C)/M, in

equations of higher order there are no terms Brg(’;)ar.
ii) Op does not change the order in L,

we obtain
Solution ¥,

Fo)/K* = Finy/K"
b ~ LY20(C" /K o
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Isotropic geodesics (S.Chandrasekhar, 1983)

Lagrangian
2 0 5.
2L = — L + Tért 2L1/2gr0 +r [0 Boo + ¢ sin 9&0@}
Equation for r(7)
P P2 E2 R _ . .. or .
Zgrr - Wgrr + W + ﬂargrr + Taegrr + mng

. r N ~ r2 ~ . A~ r2 S
+62 <L1/239gr9 — r8og — 23rg99> — @ <rg<p<p + 23ré’w> =0

Equation for 0(7)

Fr+4 2 P

6r°8og + 2r078og + r*070, 8o + *r 20° 09890 + 112 80— 38t
r2r N -2 N .2 2/ . N .2 N

+m8,g,9 — ﬂ(%g,, — @ re(sinf cos0g,, + sin“ 00pg,,) = 0.
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Ansatz for solution for radial null geodesic in the

near-horizon region

Ansatz

t=E/L,
F=C+GLY2 ..
O=AL Y24 A+,
@ = const
Leading in L1 parts of equations
L2 [E? — C?gy — rACEr9] = 0,
L=3/2[Cro + rAZs] = 0.
Solution for C and A
C?=F?
__ Cé&u
2Mgyo || 1
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Leading-order solution for geodesic

Equation £ =10

L7Y[C?8, — E? + 2rCAB.g + r*A%8pg] = 0.

N A2 ~
8rr800 — 8rp = 8066

Solution for geodesics L < 1 Schwarzschild case
t=ty+ ET t=ty+ ET
r=2M+ ET r=2M+ ET
m 8ro 1/2 _T
S L 0=>
2 28 2
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Conclusion

In the near-horizon region, relevant for calculation of the Hawking
radiation, both solutions for the eigenmodes and isotropic geodesics,
calculated in Schwarzschild geometry with supertranslation field, have the
form similar to solutions in the pure Schwarzschild case.

The accuracy of the above calculations in L =1 —2M/r is the same as in
the "standard” calculations (Hawking, 1975, N.D.Birrel and P.C. Davies,
1982, Brout et al.,1995,...).

With the same accuracy, the density matrix of radiation is the same as in
the Schwarzschild case.
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Thank you
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